Furthermore, for p = 3, we show that η is an explicit integral multiple of the class number h −p of the imaginary quadratic field Q( √ −p). We also provide alternative expressions for η as finite cotangent or cosecant sums.
Introduction
If A is a self-adjoint elliptic differential operator on a compact n-manifold M , then A has a discrete spectrum, denoted by Spec A (M ), consisting of real eigenvalues λ with finite multiplicity d λ . The spectrum is said to be asymmetric if for some λ ∈ Spec A (M ) one has that d λ = d −λ . To study this phenomenon, Atiyah, Patodi and Singer introduced ( [2] ) the eta series
This series converges for Re(s) >
n d , where d is the order of A, and defines a holomorphic function η A (s) which has a meromorphic continuation to C having (possibly) simple poles at s = n − k, with k ∈ N 0 . It is a remarkable fact that η A (s) is finite at s = 0, i.e. its residue vanishes at the origin (see [2] for n odd, [11] for n even). The number η A (0) is a non-local spectral invariant, called the η-invariant. It gives a measure of the spectral asymmetry of A.
In this paper we take A to be the Dirac operator D, which is a first order elliptic essentially self-adjoint operator defined on sections of the spinor bundle over a spin manifold M . It is known that if n ≡ 3 (mod 4) then η(s) ≡ 0 (see [9] ), thus we shall only consider manifolds of odd dimension n = 4r + 3. The determination of the associated eta function η(s) and of the eta invariant η(0) is in general a difficult task and the explicit computation has been carried out for a very small class of Riemannian manifolds. The aim of this paper is to give explicit expressions of these spectral invariants for compact flat manifolds with cyclic holonomy group Z p , p an odd prime, and to show connections with classical number theory. Any compact flat manifold is isometric to a quotient M Γ := Γ\R n , with Γ a Bieberbach group. If Λ denotes the translation lattice of Γ, then F = Λ\Γ is a finite group, the Riemannian holonomy group of M Γ . In the terminology adopted by Charlap ([6] ), a compact flat manifold having cyclic holonomy group isomorphic to Z p will be called a Z p -manifold. Any Riemannian manifold with holonomy group Z p is necessarily flat, hence of the form M Γ as above.
We will explicitly compute the spectral invariants η(s) and η for an arbitrary Z p -manifold, for every odd prime p and any dimension n. Our main tools are the formulas in [17] giving the multiplicity of the eigenvalues of the Dirac operator D (see (2.9) in Theorem 2.5), together with expressions for variations of classical character Gauss sums (see the Appendix). We shall also make use of the known classification of Z p -manifolds (due to Charlap ([6] )) that will make it possible to get a general result for eta invariants in the present case. The manifolds involved will correspond exactly to those Bieberbach groups called exceptional in [7] .
In one of the main results of this paper, we will compute the eta series η(s) for an arbitrary Z p -manifold. For those Z p -manifolds that may possibly have asymmetric Dirac spectrum, and for the two existing spin structures ε 1 , ε 2 , we will prove that η(s) = e(s)L(s, χ), with e(s) a linear combination of exponentials, L(s, χ) a Dirichlet L-function and χ the quadratic character associated to the Legendre symbol (see Theorem 3.3). Alternatively, they can be written as linear combinations of differences of Hurwitz zeta functions, with coefficients given by Legendre symbols (see Corollary 3.4). In particular, this implies that η(s) is entire.
In Section 4, using the expressions of η(s), we compute the corresponding η-invariants, expressing them in terms of class numbers of imaginary quadratic fields. Indeed, let Q(ξ p ) be the cyclotomic field with ξ p a primitive p th -root of unity, with p an odd prime. One has that Q(ξ p ) contains the quadratic number field 
where r = n−3
4 . We note that ω −p = 6 for p = 3 and ω −p = 2 for any p > 3. In the case n = p = 3, this gives η ε 1 = − We also give alternative expressions for η ε 1 , η ε 2 , as finite cotangent or cosecant sums with coefficients involving Legendre symbols (see Proposition 4.3).
At the end of Section 4, we show how to get the formulas for the η-invariants involving class numbers, directly from the expressions involving trigonometric functions (4.4) and (4.5). This argument was pointed out to the first author by Prof. F. Hirzebruch during a stay at the M.P.I.M. The authors wish to thank Prof. Hirzebruch for his help.
Preliminaries
Compact flat manifolds. We first review some standard facts on compact flat manifolds (see [6] or [23] ). A Bieberbach group is a discrete, cocompact, torsionfree subgroup Γ of I(R n ), the isometry group of R n . Such Γ acts properly discontinuously on R n , thus M Γ = Γ\R n is a compact flat Riemannian manifold with fundamental group Γ. Any such manifold arises in this way. Any element γ ∈ I(R n ) = O(n) R n decomposes uniquely as γ = BL b , where B ∈ O(n) and For Λ a lattice and µ ≥ 0, we put
If Γ is a Bieberbach group then the torsion-free condition implies that n B > 0 for any
Spin group. Let Cl(n) denote the Clifford algebra of R n with respect to the standard inner product. If e 1 , . . . , e n is the canonical basis of R n then Cl(n) has basis
with e i e j = −e j e i for i = j and e 2 i = −1 for 1 ≤ i ≤ n. Inside the group of units of Cl(n) we have the spin group given by
which is a compact, simply connected Lie group if n ≥ 3. There is a canonical epimorphism
given by v → (x → vxv −1 ) with kernel {±1}. It is easy to check that, for
For convenience, if a ∈ N, we shall use the notation 1) , and omit the 1 if n = 2m. Maximal tori in Spin(n) and SO(n) are respectively given by T = {x(t 1 , . . . , t m ) : t j ∈ R} and T 0 = {x 0 (t 1 , . . . , t m ) : t j ∈ R}. The restriction µ : T → T 0 is a 2-fold cover and we have
Spin representations. Consider (L n , S n ) an irreducible complex representation of the complexified algebra Cl(n) ⊗ C, restricted to Spin(n). The complex vector space S n has dimension 2 m with m = [
are called the half-spin representations. If n = 2m, the values of the characters χ L ± n of the half-spin representations on the torus T are given by (see [17] , Lemma 6.1)
Spin structures on flat manifolds. It is a well known fact (see [9] , [14] or [18] ) that if M is a compact flat spin manifold, the spin structures on M are in a one-to-one correspondence with group homomorphisms
where r(γ) = B if γ = BL b ∈ Γ and µ is as in (1.2). Throughout the paper we shall denote by (M Γ , ε) a spin Bieberbach manifold endowed with the spin structure induced by ε.
We recall that the n-torus admits 2 n spin structures ( [8] ), while a general flat manifold M Γ need not admit any ( [3] , [15] , [13] , [16] ). ε) ) of smooth sections of S(M Γ , ε) can be identified with the space of smooth functions
Spectrum of the Dirac operator. Consider the vector bundle S(M
The Dirac operator D acts on smooth sections f of the spinor bundle
where e i acts by L n (e i ) on S n . One has that D is an elliptic first-order differential operator, symmetric and essentially self-adjoint. Furthermore, since M is compact, D has a discrete spectrum consisting of real eigenvalues ±2πµ, of finite multiplicity d ± µ . In [17] , Theorem 2.5, we obtained explicit expressions for the multiplicities d ± µ for any compact flat spin manifold (M Γ , ε) with translation lattice Λ and holonomy group F .
For n odd and µ > 0, we showed that the multiplicities are given by
(1.9)
The terms in the formula are defined as follows. First,
Furthermore, for γ ∈ Γ, x γ is a fixed element in the maximal torus of Spin(n − 1), conjugate in Spin(n) to ε(γ). Finally, σ(u, x γ ) is a sign, depending on u and on the conjugacy class of x γ in Spin(n − 1) (see Definition 2.3, Remark 2.4 and Lemma 6.2 in [17] for details).
Z p -manifolds
Our main goal in this paper will be to obtain several explicit expressions for the eta series and eta invariants of an arbitrary Z p -manifold, p an odd prime. Using the classification given by Charlap in [6] , we shall first describe the Z p -manifolds that may possibly have asymmetric Dirac spectrum. For such manifolds, we shall compute the eta series η(s) explicitly, proving that, up to a multiple, it is given by a Dirichlet L-function L(s, χ), where χ is the Legendre symbol. As a consequence, we show that η(s) can also be written as a linear combination of differences of Hurwitz zeta functions, with Legendre symbols as coefficients. Such expressions automatically imply that η(s) is everywhere holomorphic in C.
We shall first recall Charlap's classification of Bieberbach groups with holonomy group Z p , p an odd prime (see [6] or [7] ). The Z p -modules of rank n were classified by Reiner in [20] , who showed that the integral representations of Z p have the form of O, the action of the generator is represented, in matrix notation, respectively by
Clearly, we have that n J = 1 and n C = 0 (see (1.1)).
It is known (see [6] ) that any Z p -manifold is of the form M = Γ\R n where Γ = BL en p , Λ is torsion-free, B ∈ O(n) of order p, Be n = e n and Λ as given in (2.1), is B-stable. Furthermore, the torsion-free condition on Γ imposes the restriction c > 0 on the holonomy action.
Recall that we are looking for n-dimensional Z p -manifolds having asymmetric Dirac spectrum. By Corollary 2.6 in [17] , we have that η(s) ≡ 0 unless n B = 1 for γ = BL en p , the generator of F . Hence, since n B = b + c and c > 0, we have that n B = 1 if and only if b = 0 and c = 1. Thus, from now on, we will assume that Λ is an orthogonal sum
We thus consider the torsion-free group
The groupΓ a p,a is not contained in I(R n ), however it can be conjugated into a Bieberbach group. Using that the eigenvalues in each block of Λ 1 are exactly the primitive roots of unity, one shows that there exists A ∈ GL n (R) such that B = ACA −1 ∈ SO(n) with B = diag(B p , . . . , B p a , 1) and
. . .
cos((
and Λ a p,a = AΛ a p,a . In this way, we get an orientable Riemannian n-manifold
which is the most general Z p -manifold which may possibly have spectral asymmetry for the Dirac operator D. These manifolds correspond to the so called exceptional Bieberbach groups, in the terminology of [7] .
Set p = 2q + 1. Since n = 2m + 1 = 4r + 3 and n = a(p − 1) + 1, we have that m = qa is odd, hence a and q are both odd and p = 4t + 3.
We now deal with the spin structures. It is known that every F -manifold with |F | odd is spin (see [22] , Corollary 1.3). In [21] , the case of Z p -manifolds with p is odd (not necessarily prime) and n = p (i.e. a = 1) is considered, showing the existence of two spin structures. In the next proposition we give the spin structures on the manifolds M a p,a defined above. 
4)) has exactly two spin structures ε
in the notation of (1.3) and (1.5).
Proof. For simplicity, in the proof we will write Λ,Λ, Γ,Γ instead of Λ a p,a ,Λ a p,a , Γ a p,a ,Γ a p,a , respectively. Assume ε is a group homomorphism Γ → Spin(n) as in (1.8) such that µ•ε = r. Then ε is determined by the action on Λ and on γ = BL en p . We have ε(L λ ) ∈ {±1}, for λ ∈ Λ and, in the notation of (1.
Now, since γ p ∈ L Λ , the character ε |Λ satisfies the following conditions
Conversely, if δ ∈ Hom(Λ, {±1}) verifies conditions (1) and (2) then δ extends to a spin structure ε on Γ ( [19] , Proposition 2.2, see also [16] ).
To determine restrictions on ε acting on (Ze n ) ⊥ , we use condition (2) and the integral matrix C. Now, given a summand of type a, there exist e 1 , e 2 ∈ a such that a = Oe 1 +Oe 2 . By the same argument as in the case of O, we conclude thatε |Oe 1 =ε |Oe 2 = 1. Henceε |a = 1.
In this way, for any λ ∈ (Ze n ) ⊥ we have
This implies the first claim in the proposition.
Relative to the second claim, since
where we have used (1.4) and the commutativity in Cl(n) of the elements e 2i−1 e 2i and e 2j−1 e 2j for i = j.
Hence, M Γ has 2 spin structures given by
qπ p ) with σ ∈ {±1} and the proposition now follows.
Eta series
We now get into our main task, that is, to explicitly compute the eta series of the manifolds M a p,a . We begin by giving two identities, possibly known, concerning products of special values of sines which are necessary in the proof of Theorem 3.3. We include the proofs, for completeness. 
Proof. We make use of the wellknown identities:
and, since Γ(1) = 1, taking z = 1 in the second expression in (3.2) we get
from which the lemma follows.
Next we consider a similar product as in the previous lemma, but now depending on an integer k, for p an odd prime.
Lemma 3.2. Let k, p ∈ N and suppose p is an odd prime. Then we have
Proof. If (k, p) = t > 1 then k = tm, p = tn with m, n ∈ Z, (m, n) = 1 and 1 < n < p−1 2 . Then, for j = n we have that jk p = m ∈ Z and hence sin( jkπ p ) = 0. Thus, assume that (k, p) = 1. For each 1 ≤ j ≤ p − 1, there exist unique q j , r j ∈ Z such that jk = q j p + r j with 0 < r j < p. Since (k, p) = 1 we have that r 1 , r 2 , . . . , r p−1 is a complete system of residues modulo p. Furthermore, mod p,
,
and in the last equality we have used (3.2).
We now compare r j and r p−j for 1
Thus r p−j = p − r j . This gives
. Now, using Lemma 3.1 we arrive at the expression
Finally, by Gauss' lemma (see [1] , Theorems 9.6 and 9.7) we have
which completes the proof.
We are now in a position to compute the eta series and the eta invariants for the Dirac operator D. By (0.1), we can write
are as given in (1.9) and A denotes the asymmetric spectrum,
We recall the L-function associated to the quadratic character χ = (
We now state one of the main results in this paper. 
In particular, η ε 1 (s) and η ε 2 (s) are everywhere holomorphic in C.
Proof. We need to compute the ingredients in the expression (3.6), so we shall first write down the eigenvalue multiplicity formulas (1.9) in the case at hand. We have that B, B 2 , . . . , B p−1 ∈ F 1 . Hence, according to (
where 2 m−1 |Λ * ε,µ | is the contribution of the identity element.
(see (1.5)) one has that σ(e n , x γ k ) = 1 for every 1 ≤ k ≤ n − 1, by the definition of σ (see [17] ).
In this way, using that b k = ken p , expression (3.10) reduces to
where we have put
Thus, substituting in (3.11) and using that m = 2r + 1 we see that
hence we obtain
By Lemma 3.2, using that
8 ≡ t + 1 (mod 2) and aq = m, we arrive at
Thus, since µ = l for h = 1 and
with l ∈ N, using Corollary 5.2 we get
By substituting (3.12) into (3.6), we get 
and
we have that
By substituting (3.15) in (3.14) and using (3.16) , and the fact that
we finally obtain (3.9), and the theorem follows. Proof. We will use the well-known expansion π cot(πz) = n∈Z 1 z−n , where the summation collects the summands for n, −n, with n = 0. This convention is used throughout and makes the following calculation rigorous. We have
where we have used 
